LATTICES AND COHOMOLOGICAL MACKEY FUNCTORS FOR 
FINITE CYCLIC P-GROUPS 



B. TORRECILLAS AND TH. WEIGEL 

Abstract. For a finite cyclic p-group G and a discrete valuation domain R 
£L[ of characteristic with maximal ideal pR the il[G]-permutation modules are 

characterized in terms of the vanishing of first degree cohomology on all sub- 
groups (cf. Thm. A). As a consequence any i?[G]-lattice can be presented by 
i?[G]-pcrmutation modules (cf. Thm. C). The proof of these results is based on 
a detailed analysis of the category of cohomological G-Mackey functors with 
values in the category of ij-modules. It is shown that this category has global 
dimension 3 (cf. Thm. E). A crucial step in the proof of Theorem E is the fact 
that a gentle il-order category (with parameter p) has global dimension less 
or equal to 2 (cf. Thm. D). 



1. Introduction 

For a Dedekind domain R and a finite group G one calls a finitely generated left 
i?[G]-module M an R[G]-lattice, if M - considered as an i?-module - is projective. 
In this paper we focus on the study of i?[G]-lattice, where R is a discrete valuation 
domain of characteristic with maximal ideal pR for some prime number p, and 
G is a finite cyclic p-group. The study of such lattices has a long history and was 
motivated by a promissing result of F.-E. Diederichsen (cf. [SJ Thm. 34:31], [B]) 
who showed that for the finite cyclic group of order p there are precisely three 
directly indecomposable such lattices up to isomorphism: the trivial i?[G]-lattice 
R, the free i?[G]-lattice R[G], and the augmentation ideal ojr[g\ — ker (i?[G] — > R). 
A similar finiteness result holds for cyclic groups of order p 2 (cf. [12]). However, for 
cyclic p-groups of order larger than p 2 there will be infinitely many isomorphism 
types of such lattices; even worse, in general this classification problem is "wild" 
(cf. [7], 0, [11]). If the i?[G]-lattice M is isomorphic to R[Q] for some finite left 
G-set fi, M will be called an R[G]-permutation lattice. The main purpose of this 
paper is to establish the following characterization of i?[G]-pcrmutation lattices for 
finite cyclic p-groups (cf. Cor. 16. 71 Prov. WM . 

Theorem A. Let R be a discrete valuation domain of characteristic with maximal 
ideal pR for some prime number p, let G be a finite cyclic p-group, and let M be 
an R[G]-lattice. Then the following are equivalent. 

(i) M is an R[G]-permutation lattice, 

(ii) i? 1 ((7,resg(M)) = for all subgroups U ofG, 

(iii) Mjj is R-torsion free for all subgroups U of G, 
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where Mu — M/u)mmM denotes the U -coinvariants of M . 

By a result of I. Reiner (cf. [5j Thm. 34.31], [15]), one knows that there are 
Z[G P ] -lattices satisfying (ii), where C p is the cyclic group of order p, which are not 
Z[G P ] -permutation lattices. Hence the conclusion of Theorem A does not hold for 
the ring R = Z. 

Theorem A has a number of interesting consequences which we would like to 
explain in more detail. For a finite p-group G it is in general quite difficult to 
decide whether a given i?[G]-lattice M is indeed an i?[G]-permutation lattice. A 
sufficient criterion to the just mentioned problem was given by A. Weiss in |27] for 
an arbitrary finite p-group G and the ring of p-adic integers R = 1 V . He showed 
that if for a normal subgroup N of G the Z p [G/A] -module M N of TV-invariants is 
a Z p [G/N] -permutation module, and res^(M) is a free Z p [iV]-module, then M is 
a Zp[G]-permutation module (cf. [13l Chap. 8, Thm. 2.6]). Theorem A extends 
A. Weiss' result for cyclic p-groups in the following way (cf. Prop. l6T2|) . 

Corollary B. Let R be a discrete valuation domain of characteristic with max- 
imal ideal pR for some prime number p, let G be a finite cyclic p-group, and let 
N be a normal subgroup of G. Suppose that the R[G]-lattice M is satisfying the 
following two hypothesis. 

(i) res^(M) is an R[N]-permutation module, and 

(ii) M N is an R[G / N]-permutation module. 
Then M is an R[G] -permutation module. 

Although it seems impossible to describe all isomorphism types of directly inde- 
composable i?[G]-lattices, where R is a discrete valuation domain of characteristic 
with maximal ideal pR and G is a finite cyclic p-group, one can (re)present such 
lattices in a very natural way (cf. Thm. 16. lip . 

Theorem C. Let R be a discrete valuation domain of characteristic with maximal 
ideal pR for some prime number p, let G be a finite cyclic p-group, and let M be an 
R[G]-lattice. Then there exist finite G-sets f^o and Q,±, and a short exact sequence 

(1.1) ^R[Qi\ *~R[Q ] >- M s~0 

of R[G] -lattices. 

The proof of Theorem A and Theorem C is based on the theory of cohomological 
Mackey functors for a finite group G. Mackey functors were first introduced by 
A.W.M. Dress in [9]. Cohomological Mackey functors satisfy an additional identity 
(cf. [24] ). The category of cohomological G-Mackey functors dXtSG^mod) with 
values in the category of i?-modules coincides with the category of contravariant 
functors of an i?®-order category A4r(G) (cf. i )3.2p . In case that G is a cyclic 
p-group or order p n , one has a unitary projection functor (cf. £|2.10p 

(1.2) tt: cm R (G) — >a H (n,p) 

which can be used to analyze the category cStSG^mod). Here Gn{n,p) denotes 
the gentle R- order category supported on n + 1 vertices and parameter p (cf. fc|5.ip 
which can be seen as an i?-order version of the gentle algebra Gv(n) defined over a 
field F. The gentle algebra has been subject to intensive investigations (cf. [I0]V 
e.g., it is well known that Qp(n) is 1-Gorenstein (resp. O-Gorenstein for n — or 
n = 1), but for n > 1 it is not of finite global dimension. Hence the following 
property of the gentle i?-order category is somehow surprising (cf. Thm. UTS]) . 
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Theorem D. Let p be a prime number, and let R be a principal ideal domain of 
characteristic such that p. 1 £ R is a prime element. Then gldim(G R(n,p)) = 2 
for n > 2, and gldim(C?fj(n,p)) = 1 for n — 1 or 0. 

In 21 we study section cohomology groups which can be associated to any co- 
homological Mackey functor and any normal section of a finite group. This allows 
us to introduce the notion of cohomological Mackey functors with the Hilbert 90 - 
property (cf. fl4.2j) . Theorem A and Theorem C are a direct consequence of a more 
general result which states that for a discrete valuation domain R of characteristic 
and maximal ideal pR every cohomological G-Mackey functor with values in the 
category of i?-lattices and with the Hilbert 90 property is projective (cf. Thm. RT5j) . 
The proof of this more general result is achieved in two steps. The first step is 
to show that the deflation functor associated to it (cf. (|1.2|l ) maps Hilbert 90 R- 
lattice functors to projective functors of the gentle i?-order category. The second 
step is to establish injectivity and surjectivity criteria which ensure that a given 
natural transformation cp : X — > Y envolving Hilbert 90 R- lattice functors is indeed 
an isomorphism (cf. Prop. I4T61 Prop. f6T4|) . 

The first step is based on a sufficient criterion (cf. Thm. I2.16j) which guarantees 
that the deflation functor associated to a unitary projection ir is mapping ©-acyclic 
i?-lattice functors to projective i?-lattice functors. Here © denotes the Yoneda dual 
(cf. tj2.5[) which can be seen as the standard dualizing procedure for i?®-categories. 
Although this criterion is based on what is usually called "abstract nonsense", it 
will turn out to be quite useful: two of the three hypothesis one has to claim can 
be verified easily for the unitary projection tt and involve the Hilbert 90 property, 
while the third is a direct consequence of Theorem D. 

The two main results known to authors concerning the cohomology of cohomo- 
logical Mackey functors are due to S. Bouc (cf. [3]) and D. Tambara (cf. [22]), but 
concern cohomological Mackey functors with values in a field of positive character- 
istic. Although the just-mentioned results indicate that for cyclic groups the theory 
of cohomological Mackey functors should be significantly easier (and different) than 
in the general case, the following consequence is nevertheless surprising. 

Theorem E. Let R be a discrete valuation domain of characteristic with maximal 
ideal pR for some prime number p, and let G be a non-trivial finite cyclic p-group. 
Then g\dim R (M R (G)) = 3. 

2. i?®-CATEGORIES 

Let R be a commutative ring with 1, and let ijmod denote the abelian category of 
i?-modules. An i?-module M will be called an R-lattice, if M is a finitely generated 
projective i?-module. We denote by jjlat the full subcategory of jjmod the objects 
of which are i?-lattices, and by #mod f s the full subcategory of jjmod the objects 
of which are finitely generated i?-modules. For certain applications we have to 
restrict our considerations to Dedekind domains. For such a ring R one has the 
following property: If <f>; M — > Q is a surjective homomorphism of i?-lattices, then 
ker(4>) is an i?-lattice and the canonical map ker(</>) — > M is split-injective. 

Following 1, Chap. 2. §2] one calls a category C an R-category, if Home (A B) 
is an i?-module for any pair of objects A,B£ ob(C), and composition 

(2.1) _o_: Hom c (fl,C) X Hom c (A,S) — >Rom c (A,C) 
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is i?-bilinear for any three objects A,B,C £ ob(C). E.g., ^mod is an i?-category. 
Note that C° p is an i?-category for every i?-category C. A (covariant) functor 
(/>: C — > T> between i?-categories C and T> is called R-linear, if 

(2.2) <f> A<B : Hom c (A, B) — > Kom v (<b(A), <b(B)) 

is a homomorphism of i?-modules for every pair of objects A, B £ ob(C). 

2.1. i?®-order categories. An i?-category C will be called an R-order category, if 
ob(C) is a finite set and Home (A, B) is an i?-lattice for all A,B £ ob(C). E.g., if /i 
is an i?-order, then /_(•, the category with one object • and Honip.(», •) = /i, is an 
i?-order category. An i?-category C together with an R- linear functor a : C — >• C op 
satisfying cr(A) = A for all A £ ob(C) and erocr = idc will be called an R® -category. 
E.g., if /i is an i?-algebra with an i?-linear antipode : /i — > /_i op of order 2, i.e., 
a o a = id M , then /i» is an i?®-category. An i?®-category (C,a), where C is an 
i?-order category, will be called an R® -order category. 

2.2. Additive functors. Let C be an /("-category. By $ R (C op , fl mod) we denote 
the category of i?-linear functors from C op to ^mod, i.e., F £ ob($ R (C op , ^rnod)) 
is a contravariant i?-linear functor from C to ^mod. Morphisms in 3 R (C op , jjmod) 
are given by the R-linear natural transformations, i.e., 7/ £ nat^(F,G) is called 
R-linear, if tja- F(A) —> G(A) is .R-linear for every A £ ob(C). It is well known 
that $r(C° p , ^mod) is an abelian category (cf. [21 Chap. IX, Prop. 3.1]). 

A functor F £ ob($ R (C op , jjmod)) will be called an R-lattice junctor if F(A) is 
an R-lattice for every object A £ ob(C). By 3 R (C op , fl lat) C $ R (C op , R mod) we 
denote the full subcategory of i?-lattice functors. 

Let (C, a) be an i?®-category, and let _* = Hom^(_, R) : R \at — > fllat op denote 
the dualizing functor in R lsd. Composition of _* with a yields a dualizing functor 

(2.3) _* : 3r(C op , slat) — > 3 R (C op , fl lat) op , 

where F*(A) = F(A)* and F*(</>) = F(cr(</>))* for F £ ob(5- fl (C op , R lat)) and 
<f>: A -> S £ Hom c (A,B). 

2.3. Projectives. Let C be an i?-category, and let A £ ob(C). Then 

(2.4) P A = Hom c (_, A) £ ob(d R (C° p , R mod)) 

is an i?-linear functor from C op to ^mod. Moreover, if C is an i?-order category, then 
P A is an i?-lattice functor. One has the following property (cf. [21, Prop. IV. 7. 3]). 

Fact 2.1. Let C be an R-category, let A £ ob(C) and F £ ob(g' fl (C op , fl mod)). 
Then one has a canonical isomorphism 

(2.5) 6 a ,f : nat R (P A , F) — > F(A) 
5 iwen 6j/ 6> a ,f(£) = U{^a), £ £ nat K (P' 4 ,F). 

The inverse of 9a, f can be given explicit. For / £ F(A) and £? £ ob(C) one has 

(2.6) 8^ F (f) B :P A (B)^F(B), 0^ p (/)b (<f>) = F(0)(/), £ Hom c (B, A). 
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It is straightforward to verify that 9 A 1 F (f) e nat_R(P A , F). Let %: F — > G be an 
i?-linear natural transformation. Then one has a commutative diagram 

(2.7) F(A) — ^ nat K (P A , P) 

XA 

G(A)-^nat fl (P A ,G). 

From this fact one concludes the following well known property (see [211 Cor. 7.5]). 

Fact 2.2. Let C be an R-category, let F, G G ob(3 R (C op , fi mod)), and let £ 
natfl(P, G) be a natural transformation such that <f>A - F(A) — >• G(A) is surjec- 
tive. Then for every natural transformation \ G nat^(P' 4 ,G) there exists x £ 
nat^(P' 4 ,F) making the diagram 

(2.8) P 

/ 

x / 
/ 

F^-G -0 

commute. In particular, P A G ob(3/j(C op , jjmod)) is projective. 

As a consequence one has the following. 

Fact 2.3. Let C be an R-category such that ob(C) is a set. Then 3r(C° p , jjmod) 
is an abelian category with enough projectives. 

If C is an i?-category and ob(C) is a set, we denote for F G ob($u(C op , ^mod)) 
the right derived functors of nati{(_, F) by ext^(_, F), k > 0. 

Let C be an i?-order category. Then by definition P A is an i?-lattice functor. A 
projective object P G ob($(C op , _R,mod)) which is a lattice functor will be a called 
a projective R-lattice functor. For these functors one concludes the following: 

Fact 2.4. Let R be a Dedekind domain, and let C be an R-order category. Then ev- 
ery R-lattice functor F G ob( : 3 r (C op , ^mod)) has a projective resolution (Pfc, dj? , Ep), 
where Pfc is a projective R-lattice functor for every k > 0. 

Remark 2.5. Let C be an i?-order category such that for all A,B^ ob(C), A ^ B, 
one has A gk B. Let fi c be the _R-order given by fi c = 0^ BGoh(C) Home (A, B), 
where the product is given by 



(2.9) 




for B x =B 2l 
for B X ^B 2 . 



for a G Homc(i?2, C), (3 G Home (A, Bi). Then one has a canonical i?-linear functor 
Pc'. C — >• /ic» (cf. iJ2.ip induced by the identity on morphisms. Moreover, the cat- 
egory 5fl(C op ,flmod) is naturally equivalent to the category of right ^c-modulcs 
mod^ . This equivalence is achieved by assigning a right /ic-module M the func- 
tor Fju G ob($ R (C op , R mod)) given by F M (A) = M ■ id A for A G ob(C). For 
4> G Home (A B) the mapping Fm ((/))'■ Fm{B) — >• Fm{A) is given by right mul- 
tiplication with 4>. A functor F G ob(3#(C op , nmod)) can be made into a right 
^c-module M F , where M F = AGob(C ) F(A). For / G F(B) and 4> G Hom c (A, B) 
one has f ■ 4> = F((f>)(f). 
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For A £ ob(C), id^ is an idempotent in fic- Moreover, under the identification 
mentioned above corresponds to the right /ie-module id^i -/xc- 

2.4. Dimensions. Let R be a Dedekind domain, let C be an i?-order category, and 
let F G ob(Sft(C op , jjmod)). Then F has projective R-dimension less or equal to d 
if it has a projective resolution (P&, 9^, £f) with P& = for k > d. The minimal 
such number d G No U {oo} is called the projection R-dimension of F and will be 
denoted by proj. dim(F). The numbers 

gldim fl (C) = sup{ proj. dim fl (F) | F £ ob(^(C op , «mod)) }, 

(2 '" )! Ldim fl (C) =sup{proj.dim fl (F) | F £ ob(5 R (C op , R Iat)) }, 

will be called the global R-dimension and the global R-lattice dimension of C, re- 
spectively. By a result of M. Auslander, one has 

(2.11) gldim fl (C) = sup{ proj. dim fl (F) | F e ob(^(C op , fi mod f s )) } 
(cf. [TBI Thm. 9.12]). In particular, 

(2.12) Ldim^C) < gldim fl (C) < Ldim fi (C) + 1. 

E.g., Ldim7?(C) = if, and only if, every i?-lattice functor is projective. An i?-order 
category satisfying Ldim^C) < 1 will be called pseudo-hereditary. Such a category 
has the following property: Any subfunctor F of a projective i?-lattice functor P 
such that P/F is an i?-lattice functor is projective. 

2.5. The Yoneda dual. Let (C,a) be an i?®-category. For cf> £ Hom c (A, B) one 
has an i?-linear natural transformation P(4>) : P A — » P B given by composition with 
<f>. Hence one has a functor 

(2.13) _® : ^(C op , fl mod) — ► ^(C op , fl mod) op , 

given by F®(A) = nat fl (F,P A ) for F £ ob($ R (C° p , fl mod)) and A £ ob(C), and 
F®(0) = P(ct(0)) o_: F®(B) -> F®(A) for cf>: A -> B £ Home (A, B). We call the 
functor _® the Yoneda dual. 

Remark 2.6. Let be an i?-algebra with i?-linear antipode a: j-i — > /i op . Then 
3fl(^» op , flmod) can be identified with the category of right ^-modules (cf. Rem. l2.5( ! 
Under this identification, the Yoneda dual satisfies _® = Hom M (_, /i) x . Here we 
used the symbol x to express that for a right /z-module M, the left ^-module 
Hom^(M, n) is considered as right /i- module via the map a. 

The Yoneda dual has the following property: 

Proposition 2.7. Let (C,a) be an R® -category, and let A £ ob(C). Then one has 
a canonical natural isomorphism j^: (P' 4 )® — > P A which is natural in A, i.e., for 
tp: A — > D G Homc(A, D) one has a commutative diagram 



(2.14) (P D )® 

p(i/>)® 



JD 



P(<r«>)) 
^pA-j© JA ? pA 

In particular, if R is a Dedekind domain and (C,cr) is an R® -order category, then 
_® maps projective R-lattice functors to projective R-lattice functors, and R-lattice 
functors to R-lattice functors. 
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Proof. Let <fi: B — s- C be a morphism in C. By the definition of P- and Fact 12. 1[ 
one has canonical isomorphisms 



(2.15) 



(P A )®(B) 



3a(B) 



■P A (B) 



P B (A) 



Home (A, B) 



Hom c (£?, A). 



nat fi (P^,P B )^> 
and the diagram 
(2.16) nat fl (P A ,P c ) 

P(<r«>))a- 

nat fl (P^,P B ) 

commutes. This shows that ja is a natural isomorphism. The commutativity of 
the diagram 



Hom c (A, C) 
Home (A, B) 



Hom c (C, A) 

— 0(J) 

Home (B, A) 



(2.17) 



n&t R (P D ,P B ) 

-oP(V) 

nat ii (P A ,P i 



■ Rom c (D,B) 

-oip 

Home {A, B) 



Rom c (B,D) 

(T(Tp)o — 

■Rom c (B,A) 



shows the commutativity of (|2.14[) . The final remark is straightforward. 



□ 



Let A,B £ ob(C) and let F e ob($ R (C op , K mod)). For any X € nat fl (F,P B ) 
one has an i?-linear map 



(2.18) 



ao XA : F(A) 



■P S (A) 



P A (£) 



Let / 6 F(A), and let r^f A : nat fl (F, P B ) — > P A (B) be given by 

(2-19) 4f A <x) = <7(xa(/)). 

For <fi: B — >• C G Homc(-B,C) one has a commutative diagram 



(2.20) 



nat fl (F,P c ) 

P(tr(^))Q- 

nat fi (F,P B ) 



f.B 



P A (C) 
P A (B). 



Hence j/p < : F® — > P A is an R- linear natural transformation. The mapping 



(2.21) r}F,A : F(A) — ► nat/^F®, P A ) 

is i?- linear, and for ip: D — > A G Home(-D, A), the diagram 

(2.22) F(A) nat fl (F® , P A ) 

FW P(<rty.))o- 

F( J D)^-nat fl (F®,P B ) 



s 
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commutes. Thus it defines an R- linear, natural transformation ijf ■ F — > F®®. Let 
a G nat_r?(F, G). For all A G ob(C) one has a commutative diagram 

(2.23) F(A) -^Vnat H (F®,P A ) 



G(A)^Xnat R (G®,P A ). 
Hence one has the following. 

Proposition 2.8. Let (C,er) be an R® -category. Then 

(2.24) n: id ffn(C o P , Bmod) -^_®® 

is a natural transformation. For every E G ob(C), ?7pE : P B — ?> (P B )@© j$ a 
natural isomorphism. In particular, if R is a Dedekind domain and (C,o~) is an 
R® -order category, then rjp : P — > P®® is an isomorphism for every projective 
R-lattice functor P G ob($ R (C op , ^mod)). 

Proof. It suffices to show that rjpE : P E — > (P B )®® is a natural isomorphism for 
every E G ob(C). For A G ob(C) one has a commutative diagram 

(2.25) P A {E) — ^ n&t R (P B , P A ) 

-°3E 

P B (A) " PE,A » nat fl ((P g )®,P A ), 

and all maps apart from r/pE A are isomorphisms (cf. (|2.6j) . (|2.15jl ). Hence rjpE A 
is an isomorphism, and this yields the claim. □ 

2.6. Derived functors of the Yoneda dual. Let (C,a) be an i?®-category such 
that ob(C) is a set. Then $ R (C op , R mod) is an abelian category with enough 
projectives (cf. Fact 12. 3p . 

The Yoneda dual _® : $ R (C op , R mod) -> $ R (C op , R mod) op is additive and left- 
exact. Let TZ k (_)®, k > 1, denote its right-derived functors, i.e., one has that 

(2.26) K k (F)®(A) =cx4(F,P A ), for F G ob(^(C op , K mod)), 

and TZ k (F)®(<j)) = ext|(F, P (a ((/>))) for G Hom c (A,B). A functor F will be 
called ®-acyclic, if lZ k (F)® — for all k > 0. E.g., every projective functor is 
©-acyclic. 

Let R be a Dedekind domain, and let (C,a) be an i?®-order category. An R- 
lattice functor F G ob($ R (C op , fl mod)) will be called ®-bi-acyclic, if F and F® 
are ©-acyclic. The i?®-order category (C, a) will be called ®-symmetric, if every 
©-acyclic -R-lattice functor is ©-bi-acyclic. 

2.7. Gorenstein projective functors. Let R be a Dedekind domain, let (C, a) 
be an i?®-order category, and let F G ob(5 R (C° P , R lat)). A chain complex (P., df) 
together with a natural transformation e : Po — > F will be called a complete projec- 
tive R-lattice functor resolution of F, if 

(i) Pfe is a projective i?-lattice functor for all k G Z; 

(ii) (P,,df ) is exact; 

(iii) e o di =0 and s induces a natural isomorphism e : coker(<9i) — > F. 



LATTICES AND COHOMOLOGICAL MACKEY FUNCTORS 



9 



For an exact chain complex of projective i?-lattice functors (P., df) we denote 
by (Q.,9?) = (P,,df)® the chain complex of projective i?-lattice functors given 
by Q fe = P? fc _ 1 and d£ = (<9 p fc )®. Note that by Proposition EH (P.,5j*)® e 
is canonically isomorphic to (P., df ). The complete projective i?-lattice functor 
resolution (P,,df ,£f) of F will be called ®-exact if 

(iv) (P.,d?)® is exact. 

An i?-lattice functor with a ©-exact complete projective i?-lattice functor resolution 
is also called a Gorenstein projective functor. One has the following property. 

Proposition 2.9. Let R be a Dedekind domain, let (C,o~) be an R® -order cate- 
gory, and let F £ ob(^(C op , #lat)) be an R-lattice functor. Then F is Gorenstein 
projective if, and only if, F is ®-bi-acyclic. 



Proof. Suppose that F is ©-bi-acyclic. By Fact 12.41 F has a projective resolution 
(P.,Sf,£ P ) by projective fl-lattice functors. Let Q k = P® k , = (df_ k )®. Then 

(Q»,<3« ) is a chain complex of projective i?-lattice functors concentrated in non- 
positive degrees (cf. Prop. |2"77|) . As F is ©-acyclic, one has 



(2.27) H k (Q.,d?) 




for fc = 0; 
for k j£ 0. 



As F® is an i?-lattice functor, it has a projective resolution (R., d^, jtxpe) by pro- 
jective i?-lattice functors. Let (S., df ) be the chain complex given by = R k for 
k > and S k — Qk+i for k < 0, and mappings <9f = for fc > 1, = for 
fc < — 1, and 9o = £p o £tp®- Then (S # , 9, , ^f®) is a complete projective i?-lattice 
functor resolution of F® . 

Let (T.,dJ) = (S.,<9. s )®. Then one has T = P®®, p = s o : T F (cf. 
Prop. I2.8|) is satisfying p o dj =0, and the induced map p: c6kst{df) —> F is a 
natural isomorphism. By construction and Proposition l2.8[ one has H k (T m , dj) = 
for fc > 0. As F® is ©-acyclic, one has also H k (T.,dJ) — for fc < -1. 

Let T<° and denote the truncated chain complexes, respectively, and con- 
sider the short exact sequence of chain complexes — > T<° — > T. — > T^ — > 0. 
By construction, the connecting homomorphism H (5): H (T^°) — > i2"_i(T<°) is 
an isomorphism. The long exact sequence in homology implies that the chain com- 
plex (T.,9. ) nas trivial homology, and hence is exact. Thus by Proposition 12. 7\ 
(T., dj, p) is a complete projective i?-lattice functor resolution of F. As (T., dj)® 
is canonically isomorphic to (S.,9f), (T,,dJ,p) is also ©-exact. 

Let (T., dj, £f) be a ©-exact complete projective i?-lattice functor resolution of 
F. Then 

(2.28) TZ k (F)® =i/_ fe _ 1 ((T.,a. T )®) =0, fc > 0, 



i.e., F is ©-acyclic. Replacing the chain complex (T.,9. ) by the chain complex 
(T„ dj) m shows that F® is also ©-acyclic. □ 
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2.8. Gorenstein i?®-order categories. Let R be a Dedekinc£] domain, and let 
(C,a) be an i?®-order category. For A G ob(C) the functors 

(2.29) 3 A = (P A )* G ob(^(C°P, K mod)) 

are i?-lattice functors which are relative injective in 3ft (C op , fllat) in the following 
sense: Let a: F — >■ G be a split-injective, i?-linear transformation of i?-lattice 
functors, and let (3 : F — > J A be any i?-linear natural transformation. Then there 
exists an i?-linear natural transformation f3 : G —> J A such that the diagram 

(2.30) ,-F^^G 

/ 

/ 
/ . 

J 4 

commutes. Here we called a natural transformation a: F — > G of i?-lattice functors 
split injective, if it is injective and coker(as) is an i?-lattice for every B G ob(C). 
The i?®-order category (C,c) is called m-Gorenstein, m > 0, if proj. dim(J" 4 ) < m 
for all A € ob(C). A O-Gorenstein i?®-order category is also called Frobenius. For 
m-Gorenstein 7?®-order categories one has the following: 

Proposition 2.10. Let R be a Dedekind domain, and let (C, a) be an m-Gorenstein 
R® -order category. Then for any F £ ob(3fl(C op , jjlat)) and k > m one has 
K k (F)® = 0. 

Proof. By Fact 12 A\ F has a projective resolution (Pi,df ,£p) by projective R- 
lattice functors. Moreover, by hypothesis, for A G ob(C) the functor J A has a finite 
projective resolution (Qj,d^ ,ea) by projective i?-lattice functors and Qj = for 
j > m. Thus P A ~ (3 A )* has a finite, relative injective resolution (P ,5^ , (xa), 
V = Q*, Si- 1 = {d®)*, ha = e* A with V = for j > m. Consider the double 
complex (EQ^jdyjdh), where E^ 1 = natfl(P s , I') and d v and dh are the vertical 
and horizontal differential induced by and S m , respectively. The cohomology of 
the total complex (Tot*^'*), d v + (-l)'d h ) can be calculated in two ways. 

Applying first the vertical and then the horizontal differential yields a spectral 
sequence with E2 -term 



(2.31) V E S 2 ' 1 



ext|j(F,P A ) fort = 0, 
for t ^ 0, 



concentrated on the (t = 0)-line. By definition, natfl(_,P) is exact for every short 
exact sequence of i?-lattice functors. Since R is a Dedekind domain, — > kcr(df) — > 
P s — > im(df) —> is a short exact sequence of i?-lattice functors for every s > 0. 
Hence applying first the horizontal and then the vertical differential yields a spectral 
sequence with Bi-term concentrated on the (s = 0)-line, and h E 1 ' t = for t > m. 
The claim then follows from the fact that both spectral sequences converge to the 
cohomology of the total complex. □ 



For an arbitrary commutative ring R with 1 the kernel of a surjective homomorphism cf> : M — > 
Q of _R-lattices is not necessarily an i?-lattice. This is the reason why we restrict all subsequent 
considerations to R-order categories over a Dedekind domain R. 
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2.9. i?®-order categories with the Whitehead property. Let R be a Dedekind 
domain. The Gorenstein property of an i?®-order category is a quantitative mea- 
surement for the failure of being Frobenius. However, for our main purpose another 
property plays a more important role. We say that an i?®-order category (C,o~) 
has the Whitehead propert^, if any ©-acyclic i?-lattice functor is projective. The 
following property is well known (cf. [4j Prop. VIII.6.7]). 

Fact 2.11. Let R be a Dedekind domain, and let (C,o~) be an R® -order category of 
finite global R-lattice dimension. Then (C, a) is Gorenstein and has the Whitehead 
property. Moreover, 

(2.32) Ldim fl (C) = max{ k > | TZ k (_)® ± }. 

Remark 2.12. Let R be a Dedekind domain, and let (C, a) be an i?®-order category. 
For m > one has the implications 

(2.33) gldim i? (C) < m ==> C to- Gorenstein & Whitehead =>• C m-Gorenstein. 

If G is a finite group, then (Z[G]»,ct), where a(g) = g~ x for g £ G, is O-Gorenstein. 
But (Z[G]»,<j) has the Whitehead property if, and only if, G is the trivial group. 
Hence the second implication cannot be reversed. For certain values of to one can re- 
verse the first implication. E.g., if (C, a) is O-Gorenstein, then it has the Whitehead 
property if, and only if, every i?-lattice functor is projective, i.e., Ldim^(C) = 0. 
This is also the case for m = 1. 

Fact 2.13. Let R be a Dedekind domain, and let (C,o~) be a 1-Gorenstein R®- 
order category. Then (C,a) has the Whitehead property if, and only if, C is pseudo- 
hereditary, i.e., Ldiinf?(C) < 1. 

Proof. By Fact 12.111 it suffice to show the reverse direction of the first implication 
of (|2.33l) . Suppose that (C,ct) is 1-Gorenstein and has the Whitehead property. 
Let F £ ob(3 r _R,(C op , fllat)). Then there exists a surjective natural transformation 
7r: P — > F for some projective -R-lattice functor P, and Q = ker(7r) is an i?-lattice 
functor. By Proposition 12. 101 and the long exact sequence, the sequence 

(2.34) ft x (F)® — > ^(P)® — > ^(Q)® — > 

is exact. As 7?. 1 (P)® = 0, Q is ©-acyclic and thus, by hypothesis, projective. □ 

2.10. Functors between i?®-categories. Let (C, ac) and (T>, a-p) be i?®-categories. 
An i?-lincar functor cj>: C — > T> will be called unitary, if 

(2.35) o~d ° 4> = 4> ° ce- 
lt ob(C) and ob(£>) are sets the unitary functor 7r : (C, ac) — > (T>, cr-p) will be called 
a unitary projection, if n: ob(C) — > ob(£>) is a bijection, and 

(2.36) t^a.b ■ Hom c (A,B) — > Hom p (7r(A), n(B)) 

is surjective for any pair of objects A,B £ ob(C). For such a functor composition 
with 7r induces an exact inflation functor 

(2.37) hrFQ =_o7r: ^(P op , jjmod) — > ^(C op , fl mod). 

2 The famous Whitehead problem, stated by J. H. Whitehead around 1950, is the question 
whether every abelian group A satisfying Extg(A, Z) = must be a free abelian group. For 
finitely generated abelian groups this is easily seen to be true, and K. Stein showed (cf. |20p that 
the statement remains valid for countable abelian groups. However, by the extra-ordinary work 
of S. Shelah (cf. [17J . |18J . |19| ) one knows now that this problem is in general undccidable. 
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Let 7r: (C,o~c) — > (2?, cr-p) be a unitary projection of i?®-order categories. Then it 
induces a surjective homomorphisms of i?-orders /u(tt): fic I^t> (cf. Rem. [2~5]) . 
Moreover, the inflation functor inf ^ (_) : mod Ml , — > mod,,,, has a left-adjoint 

(2.38) def^ (_) = _ <g> Mc /jx> ■ mod w ->■ mod^ . 
From this fact one concludes the following. 

Fact 2.14. Let tt: (C, ctc) — > (D , o"x>) 6e a unitary projection of R® -order categories. 

(a) There exists a functor 

(2.39) deF (J : ^(C op , fi raod) — > ^P° p , R mod) 

which is left-adjoint to inF(_). 

(b) T/ie unit o/ i/ie adjunction r\: id$ R (c°p , R mod) — ► inFodeF is a natu- 
ral surjection, and the the co-unit e: deFoinF — > idy Ji (i3op !Rmo( jj is a 
natural isomorphism. 

(c) for aZZ A G ob(C) fftere exists an isomorphism ^a- def 7r (P yl ) — ► P 77 ^) 
making the diagram 

(2.40) deF(P A ) -^U-FW 

der(P(») P(tt(0)) 

deF(P s ) -^~p-( B ) 

commute for all <p: A — >• £> G Home (A, 

For A G ob(C) and G Hom c (A,B) put Q A = inf 7r (P 7r ( A )) and Qf» = 
inF(P(7r(0))). Then 

(2.41) r A : P^ ^ >■ inf" (deF (P A )) ' ml " {U) » Q 4 

is a surjection satisfying tb o P(</>) = Q(</>) ° Ta for all (j> G Home(^4, -B). 

For F G ob(g'fl(C op ,_ R ,mod)) let F K G ob(Sfl(C op , R mod)) be the functor given 
by F®(A) = nat H (F,Q A ) and F K (0) = Q(ct c (0)) o _ for G Hom c (^,B). Then 
_ K : 3r(C op , fl mod) -> 3fl(C op , fl mod) op is a functor. By (|235]l . one has 

(2.42) P(7r( < 7 C (</»)))=P(<7 2 ,(7r(^))): P^ s > P^ 

for all </> G Home (A £)• Hence the mapping f : _® — > _ K induced by r is a natural 
transformation. Since 

(2.43) F^(yl) = natfl(F, Q A ) ~ nat R (def 7r (F),P 7r ( A )) = inF(deF(F)®), 

_ K can be identified with inF (deF (_)®). Thus by the left-adjointness of deF(_), 
f induces a natural transformation 

(2.44) f: deF(_®) _> deT(_)® = W P , fimod) — > ^(2? op , fi mod) op . 

For A G ob(C) the mapping t p a : dcF((P A )®) -> def(P A )® coincides with the 
isomorphism 

(2.45) t p a : Hom MC (idA -McMc)* ® M e Mx> — ► Hom^ (id^A) ■^,/'i)) x - 
From this fact one concludes the following. 
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Fact 2.15. Let tt: (C,ac) — > (T>,o~x>) be a unitary projection of R® -order categories. 
Then fp : def 7r (P®) — > def 7r (P)® is an isomorphism for every projective R-lattice 
functor P G ob(^(C op , fl mod)). 

If 7r: (C,ac) — > (T>,<jt>) is a unitary projection of i?*-order categories, its defla- 
tion functor de£*(_): 5ij(C op , ijmod) — > $r(T>° p , ^mod) is right exact and maps 
projectives to projectives (cf. [25l Prop. 2.3.10]). We denote by £kdei n (_) its left 
derived functors. Functors F G ob(^(C op , ^mod)) satisfying Ck def 7r (F) = for all 
k > will be called ir-acyclic. 

Theorem 2.16. Let R be a Dedekind domain, and let tt: (C,o~c) — > (T>,o~x>) be a 
unitary projection of R* -order categories. Assume further that 

(i) (C,ac) is (it-symmetric (cf. tj2.6|) : 

(ii) (T>, o~x>) has the Whitehead property (cf. H2.9[) : 

(hi) i/F® G ob(5 r fi(C op , ijlat)) is ®-acyclic, F is also ir-acyclic. 
Then def 7T (G) is a projective R-lattice functor for any ®-acyclic R-lattice functor 
Geob(^(C op jJ? lat)). 

Proof. Suppose that G G ob(3ij(C op , slat)) is ©-acyclic. By hypothesis (i), G is ©- 
bi-acyclic and thus Gorenstein projective (cf. Prop. |2T9|) . i.e., G admits a ©-exact 
complete projective i?-lattice functor resolution (P.,<9 P ,£g)- Shifting the chain 
complex (P., df) appropriately, one concludes that every functor = coker(<9 fe+1 ) 
admits a ©-exact complete projective i?-lattice functor resolution for all k € Z, and 
hence is Gorenstein projective. Thus by Proposition 12.91 Cfc is ©-bi-acyclic, i.e., 
Cfe and C® are 7r-acyclic for all k G Z. 

Let (Q.,a. Q ) = (der(P.),der(9. p )). As H k (Q.,d?) ~ Cidei n {C k -i) = 0, 
(Q., 9?) is exact. By Fact 12.151 one has an isomorphism of chain complexes 

(2.46) (Q.,0?)® =s (der ((P., a. p )®). 

Moreover, as H k ((Q.,d?)®) ~ £ x der(Cf_ fc ) = (cf. (Q.,<9. Q )® is also 

exact. Hence (Q # , <9?, deF^c)) is a ©-exact complete projective i?-lattice functor 
resolution of def 7r (G). In particular, def 7r (G) is Gorenstein projective and thus 
©-bi-acyclic (cf. Prop. [23]) . Hence by hypothesis (ii), def' r (G) is projective. □ 

3. COHOMOLOGICAL MACKEY FUNCTORS 

Throughout this section G will denote a finite group, and - if not stated otherwise 
- R will denote a commutative ring with unit 1r G R. 

3.1. Cohomological G-Mackey functors. A cohomological G-Mackey functor 
X with values in the category of i?-modules is a family of i?-modules (X-u)ucg 
together with homomorphisms of i?-modules 





l u,v ■ 


X[/ - 


-)• Xy, 


(3.1) 


t x ■ 


Xy - 


->■ X(j, 




°g,u ■ 


X[/ - 


-)• Xs[/ 



for J7, V C G, V C J7, <? G G, which satisfy the identities: 

(cMFi) i x )[7 = £ x )i7 = = id Xu for all £/ C G and all u G U; 

(cMF 2 ) i x w o z x y = i§ w and o i x ^ = i x y for all U, V, W C G and W C 
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(cMF 3 ) c% su o cfjj = cf gJJ for all U C G and g,heG; 

(cMF 4 ) i\ gv o cfjj = cf v o i* v for all U,V C G, V C U , and g G G; 

(cMF 5 ) t^ s(7 o c* y = o tfjj for all f/,FCG, VC[/, and g G G; 

(cMF 6 ) i^ iW rot^ )t/ = £ sevna/v ^nw,w°^vnW9°«y,y n ws> where w§ = d'^g 

for all subgroups U, V, W C G and V, W C £/; 
(cMF 7 ) ^ o = p ■ V\. id X[/ for all subgroups E7, V C G, V C U. 
A homomorphism of cohomological Mackey functors <j>: X — > Y is a family of 
i?-module homomorphisms <j)jj : Xj/ — > Y[j , (7 C G which commute with all the 
mappings i. )0 t, t , and c ff ,., g £ G. By cSTtSc^mod) we denote the abelian category 
of all cohomological G-Mackey functors with values in the category of i?-modules. 
For X, Y 6 ob^OTSG^mod)) we denote by natc(X,Y) the morphisms in the 
category c9Jt# G (_Rmod). For further details on Mackey functors see [5], [53], [2"4"] . 

3.2. The Mackey category. Let M(G) be the category the objects of which are 
subgroups of G with morphisms given by 

(3.2) Rom M{G) {U,V) = Rom G (Z[G/U],Z[G/V]). 

Then M. (G) is a Z-order category which is generated by the morphisms 

(3.3) p u g : Z[G/«U\ — > Z[G/U], p u g (xgUg- 1 ) = xgU; 

(3.4) iy V : Z[G/V] — > Z[G/E/], W^V) = it/; 

(3.5) to-.y : Z[G/C7] — > Z[G/V], ip,v(astO = £ r6W srV; 

g € G, U,V ^ G, V C U, where 7\L C [7 is a set of right V-coset representatives. 
The assignment 

(3.6) a(U) = U, a(pg) = pg-!, a(i v ,u) = iu,v, <r(tu,v) = W,u, 

for U,V C G, V C 17, 5 G G, defines an antipode a: M(G) -> A4(G) op . Let 
A^a(G) denote the i?-order category obtained from M(G) by tensoring with R. 
Assigning to every cohomological G-Mackey functor X with values in jjmod the 
contravariant functor X given by 

(3.7) X([7) = Xv, X( P U) = cfjj, X(i VtU ) = i* v , ±(t uy ) = t* v , 

yields an identification between c97tSG(ft m °d) and 3r(Mr(G)° p , i?mod). Note 
that some authors prefer to identify the category of cohomological Mackey functors 
with the category of covariant functors of A4 R (G). The existence of the antipode 
a: A4c(R) — > A4g(R)° p showes that both approaches are equivalent. 

3.3. The cohomological Mackey functors T and T. Let G be a finite group. 
There are two particular cohomological G-Mackey functors based on the i?-module 
R. Let T G ob(c9Jt5' G (_R,mod)) be given by 

(3.8) Yu = R, iuy = \U :V\ id R , ty V = id R , cJ tU = id R , 
and T G ob(c9}t5 G (flmod)) be given by 

(3.9) Tu = R, i* v = id«, t^ v = \U:V\ id R , c£ p = id R , 

for U, V C G, V C U. Then T and T are i?-lattice functors, and one has T ~ Y*. 

Let R be an integral domain of characteristic 0. For such a ring the subfunctor 
SCT given by = \U\ ■ Tjj is canonically isomorphic to T, i.e., there exists a 
canonical injective natural transformation j : T — > T. We denote by B = coker(j) 
the cokernel of this canonical map. 
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Let X £ ob(c9K5 r G(fi: mot i)), and let <fi: T — >• X be a natural transformation. 
Then <f> is uniquely determined by 4>g ■ T G — > Xg, and every such morphism dchncs 
a unique natural transformation <j> : T — > X. Hence one has a canonical isomorphism 

(3.10) nat G (T,X) ~ X G . 
In a similar fashion one shows that 

(3.11) nat G (T,X)~Xf 1} . 

3.4. Invariants and coinvariants. There are two standard procedures which 
turn a left i?[G]-module M into a cohomological G-Mackey functor with values 
in the category of R- modules. By h°(M) we denote what is called the fixed-point- 
functor in 23J. In more detail, one has h°(M)u = M u , for U, V C G, V C U, 

Hj v ■ M U M V ^ s ^ ne canonical map, t v ^ : M v — > M u is given by the trans- 

fer, i.e., if 1Z C U denotes a system of coset representative of U/V then t vu is 

given by multiplication with X)re7?, r ' ano - c g ct^ ■ M u — > M 9U is left-multiplication 
by 9 £ G. 

By h (M) we denote the cohomological G-Mackey functors of coinvariants. Thus 
h (M)[/ = M/uj r \u]M, where wmy] = ker(i?[£7] — > R) is the augmentation ideal 

in R[U], and for U,V C G, V C U, t v ° v M ': My -)• My is the canonical map, 

the map ijjy ^ ■ Mu — ^ My is induced by multiplication with ^2reiz r 

h°{Af) 

the map c ^ : My — >■ Msy is induced by multiplication with jeG. E.g., one 
has canonical isomorphisms of cohomological G-Mackey functors T ~ ho(i?) and 
T ~ h°(R), where R denotes the trivial left i?[G]-module. 

3.5. Standard projective cohomological Mackey functors. By Q2.3[ one knows 
that for W C G the functor 

(3.12) P w = Rom G (R[G/J,R[G/W}) G ob(c9J!5 G ( fl mod)), 

where = Rom G (R[G/U], R[G/W]) = R[G/W] U , is projective in riJKScGjmod). 
These functors can be described as follows. 

Fact 3.1. Let G be a finite group, and let W C G. TTien one /ias canonical 
isomorphisms 

(3.13) P w ' ~ h°(R[G/W}) ~ h°(P^ } ) ~ ind^(T w ), 

where ind^ (_) denotes the induction functor in the category of Mackey functors (cf. 
[2"31 §4]), and T w g ob(c9Jt5'iy(.Rmod)) is the cohomological W -Mackey functor 
described in subsection\3.3[ 



Both descriptions of the standard projective cohomological G-Mackey functors 
will be useful for our purpose. Note that one has canonical isomorphisms P G ~ T, 
i.e., T is projective. We also put Q = pW = h°(i?[G]). 

Remark 3.2. Let G be a finite p-group, and let R be a discrete valuation domain 
of characteristic with maximal ideal pR. For W C G there exists a simple 
cohomological G-Mackey functor S w with values in the category of i?-modules 
given by 

'F for U = 9 W; 
for U ^ 9 W. 



(3.14) S 
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In particular, for U,V C G, V C U, one has iff v — and iy^ = 0. Moreover, 
any simple cohomological G-Mackey functor is isomorphic to some S , W C G (cf. 
[23]). The Nakayama relations and (l3~T0l) show that for V C G and V ^ 9 W one 
has 

(3.15) nat G (P v ,S w ) = nat v (T,res£(S w )) ~ = 0. 
On the other hand for V = 9 W one has 

(3.16) nat G (P y ,S H/ ) = naty(T,res^(S ly )) ~ = F. 
Hence P w is the (minimal) projective cover of S w for all W C G. 

3.6. Standard relative injective cohomological Mackey functors. Let G be 

a finite group, and W C G. The functor ind w (_) commutes with the functor _* 
on R- lattice functors, i.e., one has a natural isomorphism 

(3.17) ind« (_*) ~ indgrQ* : « w ( R lat) — ► « G ( fl lat)°P. 
Thus J" 7 = (P w )* ~ ind^(Y) G ob(caJWo( B lat)). 

3.7. The Yoneda dual. Let X G ob(cS0l# G (iilat)). As P w , VF C G, takes values 
in the category of i?-lattices, the Nakayama relations and p. lip yield canonical 
isomorphisms 

nat G (X, P w ) ~ nat G ( 3 W , X* ) ~ nat G (ind& (T) , X* ) 
U,AS) ~nat w (T,res&(X*)) ~ (X| 1} ) w 

From this one concludes the following property (cf. Fact 13. ip . 



Fact 3.3. Let X G ob(cSOTS r G ( R lat)). Then X® ~ h°(X* 



4. Section cohomology of cohomological Mackey functors 

If not stated otherwise R will denote a commutative ring with unit 1r £ R. Let 
G be a finite group, and let X G ob(c9Jtg' G (flmod)). For U, V C G, V < U, one 
defines the section cohomology groups of X by 

k°(C//y,X) = ker(**v), k^lZ/V.X) = x£, 

' ' ' 1 c (C//y, X) = coker(^ )C/ ), c^CZ/V, X) = kcr(^ [/ )/ W[//y X y . 

The following properties were established in [26, §2.4]. 

Proposition 4.1. Let G be a finite group, let U and V be subgroups ofG such that 
V is normal in U , and let X be a cohomological G-Mackey functor with values in 
flmod. 

(a) The canonical maps yield an exact sequence of R-modules 
(4.2) ^ Cl (U/V,X) *-d- 1 (tr/V,Xv) ^k (J7/V,X) 



. k\U/V, X) - H°(U/V, X V ) co(U/V, X) 



where H'(U/V,_) denotes the Tate cohomology groups. 
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V 1 

(b) Let s- X >■ Y Z s- be a short exact sequence of co- 

homological G-Mackey functors with values in ^mod. Then one has exact 
sequences 

(4.3) k°(U/V, X) k°(U/V, Y) ^H. k°(f//V, Z) . . . 

. . . k 1 (U/V, X) — I k 1 (U/V, Y) —I k 1 (U/V, Z) 



and 

(4.4) Cl (U/V, X) a(U/V, Y) Cl ([//V, Z) . . . 

. . . c (U/V, X) c (U/V, Y) c (U/V, Z) 0. 

4.1. Section cohomology for cyclic subgroups. Let W be a non-trivial cyclic 
subgroup of the finite group G generated by the element w G W. Taking coin- 
variants of the chain complex of i?[iy]-modules R[W] ^> R[W] yields an exact 
sequence 

(4.5) T w Q w Q w T w , 

(cf. §3.3) £ 13. 5ft . If R is an integral domain of characteristic 0, one has additionally 
a short exact sequence 

(4.6) >■ T w ^B w 



Splicing together the short exact sequences (|4.5j) and (|4.6|l yields a projective resolu- 
tion of the cohomological VF-Mackey functor TS W . Using this projective resolution, 
Fact 12.11 p.lOj) and p. lip one concludes the following. 

Fact 4.2. Let R be a integral domain of characteristic 0, and let W C G be cyclic 
subgroup of the finite group G. Then for k G {0, 1} one has canonical isomorphisms 

ext*(ind«(B^),X)^k fc (W7{l},X), 

ex4- fe (ind£(B w ),X) ~ c fc (W/{l},X). 

Note that Fact 14. 2 1 shows also that for a cyclic subgroup W C G one can consider 
the groups k'(W/{l},_), C3_.(W/{1},_) together with the respective connecting 
homomorphisms as a cohomological functor (cf. [HI §XII.8]). 

4.2. Cohomological Mackey functors of type H° and Hq. Let G be a finite 
group, and let X G ob^SJtSg^mod)). Then X will be called i-injective, if for 
all U, V C G, V C U, the map ifj v is injective; i.e., X is i-injective if, and only 
if, for all U, V C G, V < U, one has k°(LT/V,X) = 0. Moreover, X will be called 
of type H° (or to satisfy Galois descent), if X is i-injective and k x (U/V, X) = 
for all U, V C G, V < U, i.e., X is of type H° if, and only if, one has a canonical 
isomorphism (induced by i) 

(4.8) X^h°(X {1} ). 

The cohomological G-Mackey functor X will be called to be Hilberi? , if it is of 
type H° and H 1 (U,'X.{i}) = for every subgroup U of G. One has the following 
property. 
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Proposition 4.3. Let G be a finite group, and let X <E ob(c9Jt3G(-R m °d)) be 
Hilbert 90 . Then for all U,V cG,V<U, one has ^{U/V, X v ) = 0. 

Proof. By the 5-term exact sequence, inflation H 1 (U/V, XY-.) — > ff 1 (f/,X{i}) is 
injective. Hence H l (U/V,XY } ) = 0. As X is of type H°, XY } and Xy are 
isomorphic R[U /V]-modu\es. This yields the claim. □ 

In a similar fashion one calls X to be t-surjective, if for all U, V C G, V C U, the 
map tyjj is surjective; i.e., X is t-surjective if, and only if, for all U, V C G, V < U, 
one has Co(U/V, X) = 0. The cohomological G-Mackey functor X will be called of 
type Hq (or to satisfy Galois co-descent), if X is t-surjective and Ci(U/V, X) = 
for all U, V C G, V < U , i.e., X is of type Ho if, and only if, one has a canonical 
isomorphism (induced by t) 

(4.9) h (X {1} )~X. 

Furthermore, X will be called to be co- Hilbert 90 , if it is of type Hg and for every 
subgroup U of G one has i? _1 (?7, Xiu) = 0. 

Remark 4.4. Every projective cohomological G-Mackey functor P with values in the 
category of i?-modules is a direct summand of a coproduct of standard projective 
cohomological G-Mackey functors. Hence by Fact 13.11 every projective cohomolog- 
ical G-Mackey functor P is of type H°. However, if R is an integral domain of 
characteristic 0, the Nakayama relations imply that H 1 (G, = for any G-set 

O. In particular, P is even Hilbert 90 . 

The periodicity of Tate cohomology for finite cyclic groups has the following 
consequence. 

Proposition 4.5. Let G be a finite group, and let X £ ob(c9ft5G(-R m °d)) be 
Hilbert 90 . Let U,V C G, V <U , be such that U/V is cyclic. Then c^U/V, X) = 0. 

Proof. By Proposition 14.31 and the periodicity of Tate cohomology (of period 2), 
one has H-\U/V, X v ) ~ H 1 (U/V, X v ) = 0. Hence g2J) yields the claim. □ 

4.3. Tate duality. Let R be a principal ideal domain of characteristic 0, and let 
K = quot(i?) denote its quotient field. Then I = K/R is an injective i?-modul^l 
Let G be a finite group, and let M be a left i?[G]-lattice. Then one has an exact 
sequence of left i?[G]-modules 

(4.10) ^ M* ^ Hom fl (M, K) ^ Hom R (M, I) ^ 0, . 

where M* = Hom^ (M, R). The following property is also known as Tate duality. 

Proposition 4.6. Let R be a principal ideal domain of characteristic 0, let K = 
quot(i?) be the quotient field of R, and let I = K/R. Let G be a finite group, and 
let M be an R[G]-lattice. Then for all k £ Z one has natural isomorphisms 

(4.11) H k {G,M*) ~Hom H ( J ff- fe (G,M),l). 
Proof. It is well known that one has natural isomorphisms 

(4.12) H fe - 1 (G,Hom fl (Af,I)) ~ Rom R (H~ k (G, M),T) 



^This follows by an argument similar to the proof of 1 141 Cor. III. 7. 3]. 
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for all jfe € Z (cf. gj p. 148, Ex. VI.7.4]). Moreover, as H k (G,Rom R (M, K)) = 
for all k £ Z, one has also natural isomorphisms 

(4.13) H k ~ 1 (G,Kom R (M,T)) ~ H k (G, M*). 

This yields the claim. □ 

4.4. Section cohomology of i?-lattice functors. Let R be an integral domain 
of characteristic 0, let G be a finite group, and let X 6 ob(c£tJt3G(i?lat)) be an 
J?-lattice functor. For U, V C G, V C U, the axiom (cMF 7 ) (cf. f3~T|) implies that 
X is i-injective. Hence by (|4.2|) one has an isomorphism 



(4.14) ^{U/V,X) ~ i/^^Xy) 
and a short exact sequence 

(4.15) ^c Q (U/V,X) *H°(U/V,X V ) ^k\U/V,X) »0. 

Let i? be a principal ideal domain, and let <f> : A — > 7> be a homomorphism of i?- 
lattices. Then 4> is split injective if, and only if, <fi* : B* — > A* is surjective. From 
this fact one concludes the following properties. 

Proposition 4.7. Let R be a principal ideal domain of characteristic 0, let G be a 
finite group, and let X G ob(c£Dt3G(-Rlat)). 

(a) X is of type H° if and only if, X* is t-surjective. 

(b) The following are equivalent: 

(i) X is Hilbert 90 ; 

(ii) X* is of type H ; 

(iii) X* is co-Hilbert 90 . 

Proof. Let U, V C G, V C J7. 

(a) The map i^y : Xy — > Xy is split- injective if, and only if, k 1 (L T /V, X) = 0. 
Hence the previously mentioned remark yields the claim. 

(b) Suppose that X is Hilbert 90 . Then H X (XJ jV, Xy) = for all U, V C G, V < U 
(cf. Prop. S3]). By Tate duality (cf. Prop. |4"1)]). one has 

(4.16) H-^U/V^y) ~ Hom ii ( J ff 1 (C//V,Xy) ! I iJ ) = 

whenever V is normal in U. Hence a(U/V, X*) = for all U, V C G, V < C7 (cf. 
(|4TT3j)). Thus by (a), X* is of type 7f . If X* is of type H , (|4~Ti|) implies that 
H^iU/V, X v ) = for all [/, V" C G, V < 17, i.e., X* is co-Hilbert 90 . If X* is co- 
Hilbert 90 , then (a) implies that X is of type H°. By Tate duality (cf. Prop. S3}, 
one has 

(4.17) H l {U/V,X v ) ~Hom i? (i7- 1 (C//V',X y ),fe) = 

This yields the claim. □ 

4.5. Finite cyclic groups. If G is a finite group and R is any commutative ring 
with unit 1, one has P^ 1 } ~ (P^ 1 !)*, i.e., P^ 1 } is projective and relative injective. 
If G is a finite cyclic group, and W Q G is a non-trivial subgroup of G, applying 
ind^(_) to the exact sequence 14.5p yields an exact sequence 
(4.18) 

^ pW P(t »'< 1 > ) ; p{l} i"dg-(tt>-l) p{1} ^ jW ^ Q 
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where w G W is a generating element of W. In particular, 
(4.19) proj. dim(J w ) < 2, W CG, W ^ {1}, 

and proj. dim(J'f 1 ^) = 0. Thus one has (cf. 



Proposition 4.8. Let R be a Dedekind domain, and let G be a finite cyclic group. 
Then AAr(G) is 2-Gorenstein. 

For ext G (J w ,X) = K k n&t G (J w , X), X G ob(c^ G ( 7? mod)), W C G, one 
obtains the following. 

Proposition 4.9. Let R be a Dedekind domain, let G be a finite cyclic group, and 
let X G ob(c9Jl5 r G ( fl mod)). Then for W C G one ftas 

(i) ext G (J^,X) = nat G (J w ,X) ~ X^ } ; 

(ii) ext G (J w ,X)~ci(W7{l},X); 
(hi) ext G (J w ,X)~c (W/{l},X); 

and ext G (J w ,X) = for k > 3. 

Proof. ForVF = {l},onehasext G (J w ,X) = ext G (J w ,X) = 0, and ext^J^ 7 , X) = 
nat G (J lv ,X) = X{!} (cf. Fact 12. l| ). Hence the claim holds in this case, and we 
may assume that W ^ {1}. From the Nakayama relations and (|4.18|) one concludes 
that ext G (J , X) coincides with the /c'^-cohomology of the cochain complex 

(4.20) — X {1} X {1} ^-kO 



concentrated in degrees 0, 1 and 2. This yields the claim in case that W ^ {1}. □ 



From Proposition 14.91 one obtains the following description of the higher derived 
functors of the Yoneda dual. 

Proposition 4.10. Let R be a principal ideal domain of characteristic ; let G be 
a finite cyclic group, and let X G ob(c9Jl^ G (fllat)) be a cohomological G-Mackey 
functor with values in the category of R-lattices. Then the following are eguivalent. 

(i) X is Hilbert 90 ; 

(ii) X* is co-Hilbert 90 ; 
(hi) X is ®-acyclic; 

(iv) X® is Hilberf ; 

(v) X® is ®-acyclic. 

Ln particular, (A4r(G),o~) is a (^-symmetric R® -order category. 

Proof. By Proposition 14. 7f b) . (i) and (ii) are equivalent. For W C G one has 

(4.21) K k (X)® - ext G (X, P w ) ~ ext G (J w ,X*). 

Hence Proposition 14.91 implies that (ii) and (hi) are equivalent, and thus also (iv) 
and (v) are equivalent. By FactEJl X® ~ h°(X| 1} ). Let W C G. The periodicity 
of Tate cohomology (or period 2) and Tate duality (cf. (14. lip ) imply that 

(4.22) H\W,X.* {1} ) -ff-^W.Xfo) ~Hom^(i/ 1 (T^,X {1} ),I K ). 

Hence (i) implies (iv). Replacing X by X® shows that (iv) implies (i). This yields 
the claim. □ 

The following property will allow us to analyze the projective dimensions of 
cohomological Mackey functors for finite cyclic groups. 
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Proposition 4.11. Let R be a Dedekind domain of characteristic 0, let G be a 
finite cyclic group, and let </>: P — > X be a surjective natural transformation in 
c9Jt3"G(-R mo cl), where P is a projective R-lattice functor. Then 

(a) ker(0) is an R-lattice functor; 

(b) ifX is i-injective, ker(</>) is of type H°; 

(c) i/X is of type H° , ker(0) is Hilbert 90 . 

Proof. For (a) there is nothing to prove. Put K = ker(0), and let U,V C G, V C U . 
By Remark 14.41 and Fact 14. 2\ one has an exact sequence 

(4.23) a(U/V,X)«* 



c (U/V, K) co(U/V, P) » c {U/V, X) »- 

and isomorphisms 

(4.24) k°(U/V,X) aik^tT/V.K), 

(4.25) k 1 (C//^X)~c 1 (C//^,K). 

Hence (14241) implies (b). If X is of type H°, gH| yields that a(U/V,K) = 0. 
Thus by (|4.14|l and the periodicity of Tate cohomology (of period 2), one has 

(4.26) ^(P/y.Ky) ~ F^P/F, K 7 ) ~ Cl (P/7,K) =0. 

This yields the claim. □ 

The following property will turn out to be useful for our purpose. 

Proposition 4.12. Let R be an integral domain of characteristic 0, and let p G R. 

Assume further that G is a finite cyclic group, and that X € ob^SJlJcK/dat)) is 
an R-lattice functor with the Hilbert 90 property. Then Y = X/pX is of type H . 

Proof. We may suppose that p ^ 0. Then pX ~ X. Let U, V € G, V C U. By 
Fact 14. 2\ one has a long exact sequence 

(4.27) k°(U/V,Y)^ k°(U/V,X)^—k°(U/V,X)^ 



k 1 (U/V, X) — k 1 (U/V, X) >. k 1 (U/V, Y) 

ci(U/V, Y) - ci([7/V,X) C! (C7-/V, X) 



c (C//V, X) — JU- co(t//V, X) c (t//V, Y) 

As k°(l//V;X) = k l {U/V,X) = ci(EtyV,X) = 0, one concludes that k°(U/V,Y) = 
k x {U/V,Y) = 0. This yields the claim. □ 
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4.6. Injectivity criteria. For a finite p-group G there are useful criteria ensuring 
that a homomorphism tj>; X^Yof cohomological G-Mackey functors is injective. 
These criteria are based on the following fact. 

Fact 4.13. LetG be a finite p-group, let¥ be afield of characteristic p, and let M be 
a non-trivial, finitely generated left ¥[G]-module. Let B C M be an ¥[G]-submodule 
satisfying B n M G = 0. Then B = 0. 

Proof. The F-algebra F[G] is artinian. Moreover, as every irreducible left F[G]- 
module is isomorphic to the trivial left F[G]-module, for any finitely generated left 
F[G]-module B one has soc(B) = B G . Hence the hypothesis implies soc G (£?) = 0. 
Thus B = 0. □ 

From Fact 14.131 one concludes the following injectivity criterion. 

Lemma 4.14. Let G be a finite p-group, and let ¥ be a field of characteristic p. 
Suppose that for 4>: X — > Y G mor^OttSc^Fmod)) one has that 

(i) </> G '■ Xg — > Yg is injective, and 

(ii) X is of type H° , and Y is i-injective. 

Then <j> is injective. 

Proof. By hypothesis (i), Iq ^ o G : Xg — > Yjj is injective for all U C G. If V C G 
is normal in G, one has a commutative diagram 



(4.28) 



4>G 



X, 



Yv 



As X is of type H°, im(iQ l 
,-y 



— w v — soc G /y(Xv) (cf. (|4.1|) ). Moreover, since 
"G,V " is injective, <\> v | SOCG/v (x v ) : soc G/y (X 1/ ) Y v is injective, 
i.e., ker(i/>y)nsoc G /y(Xy) = 0. Thus by Fact 14. 13] ker(0y) = and 0y is injective. 

Let U be any subgroup of G, and let V C t/ be a subgroup of [/ which is normal 
in G. By the previously mentioned remark one has a commutative diagram 



(4.29) 



X 



■Y, 



<t>v 



Yv 



u ■ 

l U, V 

Xy 

with 4>v is injective. By hypothesis (ii), iyy is injective. Hence <f>u is injective, 
and this yields the claim. □ 

Let R be a discrete valuation domain of characteristic with prime ideal pR for 
some prime number p, i.e., F = R/pR is a field of characteristic p. For a finitely 
generated i?-module A let gr # (A) denote the graded F[£]-module associated to the 
p-adic filtration (p k .A)k>o- Then every homogeneous component gr k (A) is a finite- 
dimensional F- vector space. Moreover, A is a free i?-module if, and only if, gi t (A) 
is a free F[t] -module. Let 0: A — )• i? be a homomorphism of finitely generated 
-R-modules. Then (/> induces a homomorphism of ¥[t] -modules gr # (0): gr,(A) —> 
gi\(B). Moreover, one has the following. 
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Fact 4.15. Let R be a discrete valuation domain of characteristic with prime ideal 
pR for some prime number p, and let <j) : A —> B be a homomorphism of R-lattices. 
Then the following are equivalent: 

(i) (f> is split-injective; 

(ii) gr # (a) : gr # (A) — > gr. (B) is infective; 

(iii) gr (a): gr (A) -> gr (B) is infective. 

Lemma 14.141 and Fact 14. 15l imply the following criterion for split-injectivity. 

Proposition 4.16. Let G be a finite p group, let R be a discrete valuation domain 
of characteristic with prime ideal pR, and let <j>: X — > Y € mor(c2JT3G(i?lat)) 
be a natural transformation of cohomological R-lattice functors with the following 
properties: 

(i) groOfe): gr (X G ) -> gr (Y G ) is infective; 

(ii) gr (X) is of type H and gr (Y) is i-injective. 

Then <j>: X — > Y is split-injective. 



5. Gentle -R®-order categories 

Throughout this section we fix a prime number p and assume further that R 
is a principal ideal domain of characteristic such that pR is a prime ideal, i.e., 
F = R/pR is a field, the residue field of R at pR. By K = quot(7?) we denote the 
quotient field of R. 

5.1. Gentle i?®-order categories. By Qu(n,p), n > 0, we denote the i?-order 
category with objects oh(Qn(n,p)) = {0, . . . , n} and morphisms given by 



(5- 1 ) Hom S R (n,p)(j,*0 



R.tj t k for j < k, 
R. idfc for j = k, 
R.ij^k for j > fc, 



for < j, k < n subject to the relations 

(i) h,j = ik,j ° h,k for j <k<l; 

(ii) tjj = t k j o t hk for j < k < l; 

(iii) ij+ij o t jtj+1 = p. idj for j e {0, . . . , n - 1}; 

(iv) tfc_i,fc o i fe)fe _i = p. idfc for k S {1, ... , n}; 

where we put t^* = ^ = id/, for k € {0, ...,n}. It comes equipped with the 
natural equivalence tr: Q^(n,p) —> Qj^(n,p) op of order 2, i.e., a o a = idg H („ !P ), 
given by 

(5.2) a(k) = k, cr(tj,k) = ik,j, a (ik,j) = tj,k, < j < k < n; 

and thus forms an i?®-order category. 

Remark 5.1. Let /i = l^g^n.p) be the i?-order representing Qj^(n,p) (cf. Re- 
mark [53]). Then 0^ F is a gentle F- algebra. It is well known that these algebras 
are 1-Gorenstein (cf. [TO])- However, for n > 1 they are not of finite global dimen- 
sion, and, therefore, they do not have the Whitehead property (cf. Fact 12.111 and 
12151 . 
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5.2. The unitary projection. Let C p n be the cyclic group of order p n . Then 
(5.3) tt: M R (C pn ) ^g R ( n ,p), 

given by tt(U) = log p (|G : U\), n(i v ,u) = n(i UtV ) = Uj, p v g = id 4 , for 
U,V C G, \U\ = p n ~ l , \V\ = p n ~' J \ j > i, is a unitary projection. Applying 
inf w (_) shows that every functor F G ob^ R (Q R (n,p))) can also be considered as 
a cohomological Mackey functor for the finite group C p ™. The deflation functor 
def^D can be described explicitly using the functor of C p n-coinvariants _ c n , i.e., 
for X G ob(cDJl$c n (ii m °d)) one has 



(5.4) dei*{X){k) = (X u ) Cpn , \U\=p n - k , 

and der(a)(fc) = (au)c p n : (Xu) Cp n -> (Yu)c p n for a G Hom^ R(Cp „ ) (X, Y). 
Furthermore, by Fact l2.14T c). one has for W C G, \W\ = p n ~ k , that 

(5.5) der(P M/ )~P fc . 



5.3. Simple functors. As every functor F G ob(3'fl((?.R(n,p) op , ^mod)) is in par- 
ticular a cohomological C p n -Mackey functor, one can use the description given in 
[23] in order to determine all simple functors in ob($ R (Q R (n,p) op , i?mod f ' s ')). For 
every I 6 {0, . . . , n} there exists a simple functor given by 

{iir f or h — p 
Q i0Tk ^ t S%, k ) = 0, S t (i kJ ) = 0, 0<j<k<n. 

From Remark l3.2l one concludes that if R is discrete valuation ring of characteristic 
with maximal ideal pi?, then every simple functor S G ob(^ R (Q R (n,p) op , jjmod ' s ')) 
must be naturally isomorphic to some S e , < I < n. 

5.4. i£-lattice functors of rank 1. Let F G ob($ R (G R (n,p) op , filat)) be an R- 
lattice functor. Then F(i ,fc) ®rK : F(k) ® R K — s> F(0) (8>_r K is an isomorphism of 
finite-dimensional if -vector spaces, i.e., rk(F(fc)) = rk(F(0)) for all k G {0, . . . ,n}, 
where rk(F(0)) denotes the rank of the free ii-module F(0). We define the rank of 
F by rk(F) = rfc(F(0)). 

If M is an i?-lattice and B C M is an i?-submodule of M, we denote by 

(5.7) satM (B) = { b G M \ 3r G R\ {0}: r.b e B } 

the saturation of B in M. It is again an i?-submodule of M. Let G be a subfunctor 
of the i?-lattice functor F G ob($ R (g R (n,p) op , R lat)). Then satp(G) given by 

(5.8) sat F (G)(fc) = sat F(fc) (G(fc)), 

< k < n, is a subfunctor of F containing G. The subfunctor G will be called sat- 
urated, if satp(G) = G. The following fact allows us to reduce some considerations 
to i?-lattice functors of rank 1. 

Fact 5.2. Let F G ob($ R (g R (n,p) op , R lat)), rk(F) > 0. Then F contains a 
saturated subfunctor of rank 1. In particular, there exists an ascending chain 
(Fj)o<j< r k(F) of subfunctors of F satisfying F = 0, Fj_i C Fj, F rk(F ) = F 
and Fj'/Fj_i is an R-lattice functor of rank 1. 

iYoo/. Let a G F(0), a ^ 0. Then R C F given by R(Jfc) = sat F(fc) (.RF(i fc ,o)(a)) 
together with the canonical maps is a saturated subfunctor of F. The final remark 
follows by induction. □ 
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Let F be an i?-lattice functor of rank 1. By (iii) and (iv) of the definition, for 
k £ {0, . . . n— 1} either F(tk,k+i) is an isomorphism, or F(ik+i,k) is an isomorphism. 
Thus we can represent F by a diagram Af , where we draw an arrow from k + 1 to 
k if ¥(tk,k+x) '■ F(fc + 1) — >• F(fc) is an isomorphism, and an arrow from k to k + 1 
if F(ifc+i k): F(fe) — > F(fc + 1) is an isomorphism. It is straightforward to verify 
that the isomorphism type of F is uniquely determined by Ap , and that for every 
arrow diagram A there exists an i?-lattice functor Fa which is represented by this 
diagram. 

Remark 5.3. (a) For t £ {0, . . . ,n} let V 1 = Homg(_, £) be the standard projective 
i?-lattice functor associated to £ (cf. iJ2.3l) . Then P e has rank 1 and is represented 
by the arrow diagram 

(5.9) 0-*— « — £ - 1 — £ — ^ + 1 — s ^n-l—^n. 

(b) If F is represented by the diagram Ap, then F* is represented by the diagram 
Ap* = Ap, where all arrows are reversed. 

(c) Let 3 l = (P )*, £ £ {0, . . . ,n}. Then 3 e is relative injective and, by (a) and 
(b), J e is represented by the diagram 

(5.10) 0^1^ ^£-l^£^£+l-* ^n-l^n. 

In particular, P° ~ J n and P n ~ J° are relative injective. 

Let F £ ob( : 5fl;(5fl(7i,p) op , ijlat)) be a an i?-lattice functor of rank 1. Then Ap 
defines a connected graph Tp in the plane M 2 = Kej © Me2, where all arrows are 
diagonal and point in negative e2-direction, e.g., for F e ob($ r(Q r(8 , p)° p , filat)) 
with Ap given by 

(5.11) 0-^1^2^-3-^4^-5^6^7-^8 

one obtains the graph Tp 

(5.12) . 




012345678 
Let max(F) C 6b(Gn(n,p)) be the set of objects corresponding to local maxima in 
the graph Tp, i.e., k g" {0,n} is contained in max(F) if, and only if, Ap contains 

a subdiagram of the form ( k — 1 -< k >■ k + 1 ). Moreover, £ max(F) if 

( >- 1 ) is a subdiagram of Ap, while n £ max(F) if ( n — 1 ■< n ) is a 

subdiagram of Ap. E.g., for F £ ob(5 r{G r(8 , p) op , filat)) as in (|5.11|) one has that 
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max(F) = {1, 4, 8}. By min(F) we denote the subset of {1, . . . , n — 1} corresponding 
to local minima in the graph Ap, i.e., i g" {0, n} is contained in min(F) if, and only 

if, Af contains a subdiagram of the form ( k — 1 >■ k ■< k + 1 ). E.g., for 

the functor F £ ob($ R (g R (8,p) op , R lat)) as in (|5~TT|) one has min(F) = {3,7}. 
Thus by construction, one has | max(F) = |min(F)| + 1. The following fact is 
straightforward. 

Fact 5.4. Let F £ ob($ R (g R (n,p)° p , ijlat)) be an R-lattice functor of rank 1. Then 
nat fl (F,S £ ) ~ F if £ £ max(F), and nat R (F, S e ) = if £ g max(F). Moreover, F 
is projective if, and only if, min(F) = 0. 

Let F £ ob($ R (Q R (n,p) op , ijlat)) be an .R-lattice functor of rank 1 which is not 
projective. Let s(F) £ max(F) be the smallest element in max(F), and let t(F) be 
the smallest element in min(F). The projective -R-lattice functor P S ( F ) corresponds 
to the diagram obtained from the diagram Ap by changing all arrows between 

vertices a and a+1, a > t(F) to (a a + 1) . Let F A £ ob($ R (g R (n) op , fi lat)) 

be the i?-lattice functor of rank 1 corresponding to the diagram obtained from the 
diagram Af by changing all arrows between vertices a — 1 and a, a < f(F) to 

( a _ 1 .< a ) . E.g., for F £ ob(d R (G R (8,p) op , R \at)) as in (533), L F a is given 

by replacing the first segment by the path ■>■ in (|5.12l) ; and Ap^ is given by 

(5.13) 0-^l-^2-^3-^4^-5^6^7-^8 

5.5. The global dimension of Q R (n,p). The following property will be essential 
for the subsequent analysis. 

Lemma 5.5. Let F £ ob(3 R (Q R (n,p) op , /jlat)) be an R-lattice functor of rank 1 
which is not projective. Then one has a short exact sequence of R-lattice functors 

(5.14) ,pWJLp(F) ffl F A XF ►O. 

Proof. One can identify P S ( F ) and F A as subfunctors of F by putting 

P>W(k) = l F(fc) forfc<i(F), 
lim(F(i M( F))) forfc>t(F); 



(5.15) 

F A (fc) 



im(F(t M(P) )) for*<i(F), 
F(fc) for k > t(F). 



for k £ {0,...,n}. Let fa: P S ( F ' — > F and fa : F A — > F denote the canonical 
inclusions. By construction, <j) = fa © fa '■ P S ( F ) © F A — > F is surjective with kernel 
ker(0) C P s ( p ) © F A given by 

(5.16) MM*) = { (*> e P s(F) W © F A (fc) | x £ P s ( F )(fc) n F A (fc) }, 

i.e., ker(0) ~ P s ( F )[~lF A . By construction, X = P s ( F )nF A is an i?-lattice functor of 
rank 1 with all maps ~K(tj tt (F)) and ~K.(ik t t(F)) surjective for < j < t(F) < k < n. 
Hence all maps X(ij t (F)), ~K.(ik,t(F)), < j < t(F) < k < n, are isomorphisms. 
Thus Ax = Apt(F) , and this yields the claim. □ 

The equality | max(F A )| = | min(F)| + 1 has the following consequence. 
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Proposition 5.6. Let F e ob($ R (G R (n,p) op , ijlat)) be an R-lattice functor of 
rank 1. Then one has a short exact sequence of R-lattice functors 

(5-17) s- J - emin(F )P : ' >■ 0fe em ax(F)P fe F *" 0- 

In particular, proj. dim fl (F) < 1. 

Proof. We proceed by induction on m = |max(F)|. If max(F)| = 1, one has 
min(F) = 0, and hence F is projective. Therefore we may assume that m > 1, 
and that the assertion is true for all i?-lattice functors G of rank 1 satisfying 
|max(G)| < m. Let F <E ob($ R (G R (n,p) op , fllat)) with |max(F)| = m > 1. Hence 
| max(F A )| = m — 1, and, by induction, one has a short exact sequence 

(5-18) 5- jem i n (FA)P : ' 0fcemax(F A )P fc *" FA °- 

For s — s(F), i = t(F) and /3 = (idps 0/3 A ) o </> one has a commutative and exact 
diagram 

(5.19) 

Y 

■> ker(C) 

V 

ker(^) 

I 

CI 
Y 

^ P* - 

Y t 



where ip and <f> are as in Lemma l5.5l and C is the induced map. By the snake lemma, 
one may extend this diagram by the arrows " ■■■>- ". Hence ker(/3) ~ 0j em i n (F) P 3 ' 
and this yields the claim. □ 

Remark 5.7. By Remark 15.31 every functor F € ob($ R (G R (l,p) op , nlat)) of rank 1 
is projective and relative injective. 

Finally, one concludes the following theorem which is somehow counterintuitive 
in view of Remark 15.11 

Theorem 5.8. Let p be a prime number, and let R be a principal ideal domain of 
characteristic such that pR is a prime ideal. Then 

(a) Ldim fl (Sfl(l,p)) = and g\6im R {g R {l,p)) = 1; and 

(b) Ldim R (g R (n,p)) = 1 and gl6im R (g R (n,p)) = 2 for n > 2. 
In particular, (Q r(ti, p) , a) has the Whitehead property. 

Proof. Suppose that n > 2. By Proposition 15. 6[ the projective dimension of any 
i?-lattice functor of rank 1 is less or equal to 1. Hence by Fact 15. 2| induction on 
the rank and the Horseshoe lemma [2j Lemma 2.5.1], G R (n,p) is of global i?-lattice 



0jemin(F A )* M 



id ps ®I3'- 



V s ©F / 
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dimension less or equal to 1. Since there are i?-lattice functors of rank 1 which are 
not projective, one concludes that Ldim R (Q R (n,p)) = 1. For any simple functor 
S £ , < £ < n, one has proj. dim(S^) = 2. Thus gldim R {Gii{n,p)) = 2. 

By Remark 15. 71 any i?-lattice functor of rank 1 of G R (1, p) is projective and 
relative injective. Hence by Fact 15.21 induction on the rank and the Horseshoe 
lemma, any i?-lattice functor is projective, i.e., LdirtiR(0ij(l,f>)) = 0. For the simple 
functors S £ , £ £ {0, 1}, one has proj. dim(S^) = 1. Thus gldim R (G R (n,pj) = 1. 

The final remark is a direct consequence of Fact 12.111 □ 

5.6. Projective i?-lattice functors. Let R be a discrete valuation domain of 
characteristic with maximal ideal pR. Then R is a noetherian ring, and every 
proper subfunctor G C F of a functor F £ ob($ R (G R (n,p) op , #mod f ' s ')) must 
be contained in a maximal subfunctor M C F. Moreover, from the discussion in 
subsection 15.31 one concludes that F/M ~ S e for some £ £ {0, . . . ,n}. We define 
the radical of F ob($ R (g R (n,p) op , _Rmod f g )) by 

(5.20) rad(F) f] M. 

MCF 

M maximal 

and the head of F by hd(F) = F/ rad(F). In particular, there exist non- negative 
integers fo,...,f n £ N such that 

(5.21) hd(F) ~ / S° © • • • © /„S". 

Here we used the abbreviation mZ = ffii<j< m Z. Moreover, hd(F) = if, and only 
if, F = 0. Furthermore, the following property holds. 

Fact 5.9. Let R be a discrete valuation domain of characteristic with maximal 
ideal pR, and let tfi: G — > F £ mor($ R (Q R (n,p) ap , R mod lg ')) be a natural trans- 
formation of functors with values in the category of finitely generated R-modules. 
Then 4> is surjective if, and only if, the induced map hd(0) : hd(G) — > hd(F) is 
surjective. 

From this one concludes the following property. 

Fact 5.10. Let R be a discrete valuation domain of characteristic with maximal 
ideal pR, and let F £ ob($ R (G R {n,p) op , R lat)). Then rk(F) < dim F (hd(F)), and 
equality holds if and only if F is projective. 

Proof. Suppose that hd(F) ~ / S° © • ■ • © / n S n . Put P = / P° © • • • © f n P n . 
Since P is projective, there exists a natural transformation <fi: P — >• F such that 
hd(0) : hd(P) — > hd(F) is an isomorphism. By Fact 15.91 <fi is surjective, and thus 

(5.22) dim F (hd(F)) = dim F (hd(P)) = rk(P) > rk(F). 

If rk(F) = dim F (hd(F)), then </> must be an isomorphism. Assume that F is pro- 
jective. Then (f> is split-surjective, i.e., there exists a projective R- lattice functor 
Q £ ob($ R (Q R (n, p) op 7 R lat)) such that P ~ F © Q. As hd(</>) is an isomorphism, 
this yields hd(Q) = 0. Hence Q = 0, and F is isomorphic to P. □ 

The proof of Fact 15.101 has shown also the following. 

Corollary 5.11. Let R be a discrete valuation domain of characteristic with 
maximal ideal pR, and let P £ ob($ R (Q R (n,p) op , #lat)) be a projective R-lattice 
functor satisfying hd(P) ~ / S° © • • • © /„S". Then P ~ / P° © • • • © f n P n . 
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6. COHOMOLOGICAL MACKEY FUNCTORS FOR CYCLIC P-GROUPS 

Throughout this section we assume that R is a discrete valuation domain of 
characteristic with maximal ideal pR and that G is a finite cyclic p-group of order 
p n . 

6.1. The deflation functor. Let it: A4r(G) — > Gil(n>,p) denote the unitary 
projection (cf. H5.2p . let = inf lr (def lr (_)), and let -q: id c j0i5 G (-Rmod) — > de- 
note the unit of the adjunction. In particular, 77X : X — > is surjective, and 
t]x,g : — > Xg is an isomorphism for all X G ob(c97l^ G (flmod)). 

Fact 6.1. Let G be a finite cyclic group of order p n , let R be an integral domain of 
characteristic 0, and let X G ob(c!2Jt3' G (fllat)) be a cohomological R-lattice functor 
which is Hilbert 90 . Then one has a canonical isomorphism 

(6-1) deF(X)(fc) ~ im(t£ iG ) C X G , 

for UCG, \U\ = p n - k . 

Proof. Let g G G be a generator of G, i.e., def 7r (X)(fc) = Xy/(1 — <?)X[/. Periodicity 
of Tate cohomology implies that ff-^G/t/, X a ) = H l {G/U, X v ) = 0. Thus by 
(|4.14|) . ker(i^ G ) = (1 — .g)X;y. Hence the induced map 

(6.2) X u /(l-g)X u -^X G 

is injective. This yields the claim. □ 

From Fact 16.11 one concludes the following. 

Corollary 6.2. Let G be a finite cyclic group of order p n , let R be an integral 
domain of characteristic 0, and let (/>: X — > Y G mor(c2H5 r G (i?lat)) be a natural 
transformation of cohomological R-lattice functors with the following properties: 

(i) X and Y are Hilbert 90 ; 

(ii) <pG '■ X G — > Y G is injective. 

Then def™ (</>): def 7r (X) — > def 7r (Y) is injective. In particular, if 

(6.3) s-X^U-Y^-^-Z .-0 

is a short exact sequence of R-lattice functors all of which are Hilbert 90 , then 

(6.4) ^der(X) d -^der(Y) d -^der(Z) -0 

is exact. 

Proposition 6.3. Let G be a finite cyclic group of order p n , let R be an Dedekind 
domain of characteristic 0, and let X G ob(c9Jt3' G (fllat)) be a cohomological R- 
lattice functor which is Hilbert 90 . Then X is ■n -acyclic. 

Proof. Let (P., df, ex) be a projective resolution of X in cSDt^c^-Rmod) with Pfe 
projective i?-lattice functors. In particular, = im(d^), k > 1, is an i?-lattice 
functor. By construction, one has the short exact sequences 

(6.5) >■ Q, s-Po s-X *0, 

Q fe+ i P k ^ Q fc 0, 
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for k > 1. Thus by induction and Proposition 14. lit Qfe is a Hilbert 90 i?-lattice 
functors for all k > 1. Hence by Corollary \6.2\ one has short exact sequences 

(6.6) deT(Qi) > deT(P ) def 71 (X) 0, 

deF (Q fc+1 ) def (P fc ) deT (Q fe ) 0, 

for fc > 1. This implies that C k deF(X) = for all k > 1. □ 

Let i? be a discrete valuation domain of characteristic with maximal ideal pR, 
and let G be a cyclic p-group. As in subsection 15 .61 one concludes that every proper 
subfunctor YCXofa cohomological G-Mackey functor X G ob(c9Jt3 r G (.Rniod s ')) 
must be contained is a maximal subfunctor M C X. Therefore we define the radical 
of X G ob(c2n^ G ( J? mod f ' s )) by 

(6.7) rad(X) f] M. 

MCX 

M maximal 

and the head of X by hd(X) = X/ rad(X). By Remark 13.21 there exist non-negative 
integers fir € No, U C G, such that 

(6.8) hd(X)^0 [/gG / y S t/ . 

Since every simple cohomological G-Mackey functor S 6 ob(c9Jt3 r G (#mod fg )) is 
isomorphic to inf 7r (S) for some simple functor £ G ob(^ n(Qit(n,p) op , jjmod ' s ')), 
one has ker(?7x) C rad(X). This inclusion has the following consequence. 

Proposition 6.4. Let R be a discrete valuation domain of characteristic with 
maximal ideal pR, and let G be a finite cyclic p-group. Let <j) : X — > Y be a natu- 
ral transformation of cohomological G-Mackey functors with values in the category 
flmod s ' . Then the following are equivalent. 

(i) <j> is surjective; 

(ii) (f> w : X 71 " — > Y" is surjective; 

(iii) hd(</>) : hd(X) — > hd(Y) is surjective. 

Proof. The natural surjection r : id — > hd(_) factors through the natural surjection 
i]: id — > _? , i.e., there exists a natural surjection ip: _ w — > hd(_) such that r = ipo-q. 
This yields the implications (i) =>■ (ii) =>• (iii). Suppose that (iii) holds and that <j> 
is not surjective. Then im(0) is contained in a maximal subfunctor M C Y. Thus 
for S = Y/M, the kernel of the map 0* : nat G (Y, S) — » nat G (X, S) is non-trivial. 
However, in the commutative diagram 

(6.9) nat G (hd(Y), S) nat G (hd(X), S) 



(ty). 



nat G (Y, S) — nat G (X, S) 

the vertical maps are isomorphisms, and hd(0)» is injective forcing ker(</>*) = 0, a 
contradiction. This yields the claim. □ 



We are now ready to prove the following theorem which is one of the key results 
in this paper. 
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Theorem 6.5. Let R be a discrete valuation domain of characteristic with max- 
imal ideal pR, let G be a finite cyclic p-group, and let X 6 ob^fttSG^lat)) be a 
cohomological G-Mackey functor with values in the category of R-lattices which is 
Hilbert 90 . Then there exists a finite G-set Q such that X ~ h°(i?[57]). In particular, 
X is projective. 

Proof. The deflation functor def^ : c3Jt3G(-R m °d) — > $r(Gr(p, n), ^mod) associ- 
ated to the unitary projection 7r : A4r(G) — > Qr{p, n) has the following properties: 

(1) (Mr(G)),(j) is ©-symmetric (cf. Prop. l4T0|) . 

(2) Gr(ti,p) has global R- lattice dimension less or equal to 1 (cf. Thm. [578}) - 
and thus has the Whitehead property (cf. Fact 12.111 and Fact I2.13[) . 

(3) An i?-lattice functor Y 6 ob(c9Jt3 r c;(.Rlat)) is ©-acyclic if, and only if, it 
has the Hilbert 90 property (cf. Prop. |4~T0)) . By Proposition 16.31 such a 
functor is 7r-acyclic. 

In particular, the hypothesis of Theorem 12.161 are satisfied, and one concludes that 
Z = dcf 7r (X) 6 ob(^ r(Gr(h,p), fimod)) is projective. Hence there exist non- 
negative integers / , . . . , f n such that Z ~ / P° © • • • /„P" (cf. Cor. 15. 1 1|) . 

Let rj X ■ X -> X" be the canonical map (cf. flBTTj) . i.e., X T ~ © 0<fe <„ inf(/ fe P fe ). 
Let Uk Q G denote the unique subgroup of G of index p k , and let f2 be the G-set 
n = Uo<k< n fk(G/U k ). Put P = h°(R[Sl]). Then P G ob(c37tff G ( fl lat)) is projec- 
tive (cf. FactEU). Since deF(h° (R[G/U k ])) ^ P fe for all k G {0, . . . , n}, one has an 
isomorphism </)' 7r : P" — ► X". Since P is projective, there exists a homomorphism 
of cohomological G-Mackey functors such that the diagram 

(6.10) P — ^-X 



'/X 



p7T y ? ^7T 

commutes. By construction, <f>Q is an isomorphism, and ??p,g an d ??x,g are iso- 
morphisms (cf. i J6.ll) . Thus 4>q is an isomorphism. In particular, with the same 
notations as used in subsection 14.61 the map gr (</> G ): gr (P) — > gr (X) is an iso- 
morphism. By hypothesis, X is an i?-lattice functor with the Hilbert 90 property, 
and the same is true for P (cf. Remark 14. 4p . Hence gr (X) and gr (P) are of 
type H° (cf. Prop. 14. 12[) . and tj> is split-injectivc (cf. Prop. 14. 16[) . Moreover, by 
Proposition ^. 41 <f) must be surjective. This yields the claim. □ 



As an immediate consequence of Remark 14.41 we obtain the following. 

Corollary 6.6. Let R be a discrete valuation domain of characteristic with maxi- 
mal ideal pR, letG be a finite cyclic p-group of order p n , andletV G ob(c9Jt3G(,R,lat)) 
be a projective R-lattice functor. Then there exist non-negative integers fw G No, 
W C G, such that P ~ (B^cg fw~P W , i-e., 

(6.11) K (Mr(G)) ~ B(G) ~ U\ 

where B(G) denotes the Burnside ring of G. 

In case that the R[G] -lattice M satisfies a Hilbert 90 property, one obtains the 
following. 
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Corollary 6.7. Let R be a discrete valuation domain of characteristic with max- 
imal ideal pR, let G be a finite cyclic p-group, and let M be an R[G]-lattice such 
that res^(M)) = for every subgroup U of G. Then there exists a finite 

G-set fl such that M ~ R[Q] , 

Proof. By hypothesis, X = h°(M) is a cohomological G-Mackey functor with values 
in the category of i?-lattices satisfying the Hilbert 90 property. Thus by Theorem l6.5[ 
there exists a finite G-set f2 such that X ~ h°(i?[f2]). Hence evaluating the functors 
X and h°(i?[fi]) on the subgroup {1} yields the claim. □ 

The following property is a direct consequence of Tate duality (cf. Prop. I4.6[) 
and completes the proof of Theorem A. 

Proposition 6.8. Let R be a principal ideal domain of characteristic 0, let G be 
a finite group, let U be a subgroup of G, and let M be an R[G]-lattice. Then the 
following are equivalent. 

(i) H 1 (U,Tes$(M*)) = 0; 

(ii) H- 1 {U,res${M)) = Q; 

(iii) M/ummM is torsion free. 

Proof. By (|4.11l) . (i) and (ii) are equivalent. Let N v : M -> M u be the [/-norm 
map, i.e., for m £ M one has Nu(m) = J2ueu u ' m - ^ s ^ ^ s an R[U]-\&ttice, M u 
is an i?-lattice. Hence 

(6.12) toT R {M/u R[u] M) = kei(Nu)/oj Rlu] M = H-\U, resg(M)), 

where tor#(_) denotes the i?-submodule of i?-torsion elements. Thus (ii) and (iii) 
are equivalent. □ 

6.2. Projective dimensions. In conjunction with Proposition ^. Ill Theorem 16.51 
has strong implications on the projective dimension of a cohomological Mackey 
functor of a cyclic p-group. 

Theorem 6.9. Let R be a discrete valuation domain of characteristic with max- 
imal ideal pR, let G be a finite cyclic p-group, and let X £ ob(c9JlS r ( 3(i{mod f ' s ')). 
Let 

(6.13) P 2 Pi -?U- P X ^0 

be a partial projective resolution of X by projective R-lattice functors. Then 

(a) ker(c>2) is a projective R-lattice functor, i.e., proj.dim(X) < 3. 

(b) //X is i-injective, then ker(9i) is a projective R-lattice functor, i.e., one 
has proj.dim(X) < 2. 

(c) //X is of type H , then ker(9o) is a projective R-lattice functor, i.e., one 
has proj.dim(X) < 1. 

In particular, if G is non-trivial then Ldim(A / (ij(G)) = 2, and gldim(A / (ij(G)) = 3. 

Proof, (a) By Proposition 14. 1 1 T a) . (b) and (c), ker(<9o) is an i?-lattice functor and 
thus i-injective, ker(<9i) is of type H°, and ker(c>2) is Hilbert 90 . Hence Theorem l6.5l 
yields the claim in this case, (b) and (c) follow by a similar argument. From (a) 
one concludes that g\dim(M r(G)) < 3, and (b) implies Ldim(.M,R(G)) < 2. If G 
is non-trivial, the discussion in subsection 14. II shows that proj. dim(B G ) = 3. This 
yields the final remark (cf. (j2~T2lO . □ 
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Remark 6.10. Let F be a field of characteristic p, and let G be a non-trivial, finite 
cyclic p-group. Then A4r(G) is not of finite global dimension, but A4r(G) is 2- 
Gorenstein (cf. Prop. B~51) . This phenomenon occured already for the gentle i?-order 
categories (in dimension 1) (cf. Rem. [OJ. 

6.3. Lattices. From Theorem l6.5l and Theorem l6.9r b). one concludes the following. 

Theorem 6.11. Let R be a discrete valuation domain of characteristic with 
maximal ideal pR, let G be a finite cyclic p-group, and let M be an R[G]-lattice. 
Then there exist finite G-sets tt and fi 1; and a short exact sequence 

(6.14) *R[Sli] ^R[Q. ] >■ M ^0. 

Proof. Let X = h°(M). As X is of type H°, Theorem E^b) implies that X has a 
projective resolution 

(6.15) ^P 1 -^P ^+X ^0, 

where Po and Pi are projective 7?-lattice functors. As Po and Pi have the Hilbert 90 
property (cf. Remark 14.4)) . Theorem 16.51 implies that there exist finite G-sets f2o 
and Sli such that Pi = h°(i?[fii]), i 6 {0, 1}. Thus evaluating the functors on {1} 
yields the claim. □ 

6.4. Extending A. Weiss' theorem. The following property can be seen as an 
extension of A. Weiss' theorem for finite cyclic p-groups. 

Proposition 6.12. Let R be a discrete valuation domain of characteristic with 
maximal ideal pR for some prime number p, let G be a finite cyclic p-group, and 
let M be an R[G]-lattice. Suppose that for some subgroup N of G one has 

(i) res^(M) is an R[N]-permutation module; 

(ii) M N is an R[G / N]-permutation module. 

Then M is isomorphic to an R[G\-permutation module, i.e., there exists some finite 
G-set n such that M ~ R[Q]. 

Proof. Let U be a subgroup of G. If U C N, then by (i), resg(A/) is an R[U]- 
permutation module. Thus one has H 1 ^, res^(M)) = 0. Suppose that N C U. 
Since is a normal subgroup of U, the 5-term exact sequence in cohomology yields 
an exact sequence 
(6.16) 

^ H\U/N,M N ) ^ F^res^M)) ^ H l (N, res%(M)) G / N 

Hence by (i), one has H 1 (N,ies^(M)) = 0. From (ii) one concludes that M N is 
an i?[6 r /A]-permutation module, and therefore ^(U/N, M N ) = 0. Thus by (j6T6|) 
one has H 1 (U,ies^(M)) = 0. The assertion then follows from Theorem A. □ 
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